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INTRODUCTION 
Let X be an algebraic variety over a field R of characteristic zero, x a point 
of X, lflz the local ring at x, gx the module of derivations of Lo, , and suppose 
that Cle is g’,-simple. Then, B, is a domain [4, Theorem 1.4 p. 7431; further- 
more, denoting by gz the conductor of 0, in its integral closure az , V, is a 
nonzero B,-ideal of 0, [7, p. 1681, so that qz = (I), i.e., 0, is integrally closed; 
thus, x is a normal point of X. 
Now, if we let X to be a noetherian scheme of characteristic zero, with the 
same hypothesis as above, it is known that x needs not be a normal point 
[4, Example 2.2 p. 7461; in this paper, however, we want to show that x has 
to be a geometrically unibranched point of X. For that, we will show the 
following stronger result. 
THEOREM A. Let R be a noetherian ring of characteristic zero; let a be the 
integral closure of R; let 9 be the module of derivations of R. Suppose that R 
is 9%simple. Then 
(i) R is a domain containing the rational numbers. 
(ii) The conductor of R in a is (0) or (1). 
(iii) For every prime ideal P of R, R, is geometrically unibranched. 
(iv) The canonical morphism qx Spec(R) + Spec(R) is a homeomorphism. 
We will also show that for every n > 1 there exists a s-simple noetherian 
ring of dimension n such that R # i?. 
We note that if R is a ring of characteristicp # 0 which is B-simple, then R 
is a primary ring [4, Theorem 1.4, p. 7431, hence equal to its integral closure 
i?, so that this case does not present any interest in our considerations. 
We recall the following definitions. 
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DEFINITION. Let R be a ring, 59 the module of derivations of R, 9’ a 
subset of 9. An ideal I of R is a 9’-ideal if D(I) C I for every 
D E 9’. R is W-simple if (0) and (1) are the only g-ideals of R. 
DEFINITION. Let R be a domain, iT its integral closure, P a prime ideal 
of R. R is w&ranched at P if there exists exactly one prime ideal P of R lying 
over P. R is geometrically unibranched at P if it is unibranched at P and if the 
residue field of i?p is a purely inseparable algebraic extension of the residue 
field of R, ; if R contains the rational numbers, the latter condition simply -- 
says that R/P and RIP have the same quotient field. 
Let R be a ring with total quotient ring K. Let D be a derivation of R; 
of course D can be extended in a unique way to a derivation of K; if T is a 
ring between R and K, we say that D is regular on T if D(T) C T. Note in 
particular that a derivation of R is regular on any overring that is a localization 
of R. If D is a derivation of R and x is an element of R, we shall use D(O)(x) 
to denote X, and D(n)(x) to denote D(D(“-l)(x)). 
PROOF OF THEOREM A 
From now on, all our rings are supposed to be of characteristic zero. 
First, in order to faciliate the writing, we introduce the following termino- 
logy. 
Let R be a ring with total quotient ring K. Let T be a ring between R and 
K. Let P be a prime ideal of R. 
We say that P is a (*)-ideal if the following condition is satisfied for some 
integer r > 1. 
There exist D, ,..., D, derivations of R. 
There exists Pl 3 ... 3 P, = (0) a chain of prime ideals of R 
such that 
D,(P) $ P and Pl is the biggest Dr-ideal of R contained 
in P, 
D,(P,) $ Pl and P2 is the biggest D,-ideal of R contained 
in Pl , 
D,(P,-,) g P,-, and P,. = (0) is the biggest Dr-ideal of R 
contained in P,-, . 
We say that P is a (*, T)-ideal if the following condition is satisfied for some 
integer r > 1. 
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There exist D, ,..., D, derivations of R that are regular on T. 
There exists P1 3 ... 1 P, = (0) a chain of prime ideals of R 
such that 
D,(P) $ P and P1 is the biggest D,-ideal of R con- 
tained in P, 
D,(P,-,) $ Prpl and P,. = (0) is the biggest D,.-ideal of R 
contained in P,-, . 
The set {Dl ,..., D, ; P1 ,..., P, = (0)) will be called a (*)-set of definition 
(respectively, a (*, T)-set of definition) of the (*)-ideal (resp. (*, T)-ideal) P. 
In the first lemma we gather some elementary properties about rings and 
derivations that we shall need later. 
LEMMA 1. Let R be a ring and 9 its module of derivations. Let R[X] be the 
polynomial ring in one variable and ~2~ its module of derivations. 
(i) If there exists a prime (*)-ideal P in R, then R is a domain and 0 is 
the only integer contained in P. 
(ii) If P is a prime ideal of R and ;f D is a derivation such that D(P) g P, 
then there exists a D-ideal Q contained in P such that any other D-ideal contained 
in P is contained in Q. If P does not contain any nonzero integer, then Q is prime. 
(iii) If R is g-simple, then R is a domain containing the rational numbers. 
(iv) If R is g-simple, then R[X] is gl-simple. 
Proof. (i) If P is (*)-ideal and if {Dl ,.., D, ; Pl ,..., P,. = (0)) is a 
(*)-set of definition of P, then P,_, is a prime ideal different from (0) and such 
that (0) is the only D,-ideal contained in it; thus, by [4, Theorem 3.1, p. 7471, 
R is a domain. If n is any integer contained in P, then Dj(n) = 0 for every 
i = l,..., r so that in particular the ideal generated by n is a D,.-ideal con- 
tained in P,-, , hence equal to (0). 
(ii) Let P be a prime ideal of R and D a derivation of R such that 
D(P) q P. If I and J are two D-ideals of R contained in P, then it is clear that 
I + J is also a D-ideal contained in P; thus there exists a biggest D-ideal 
contained in P, say Q. If P does not contain any nonzero integer, then Q is 
prime by [4, Corollary 1.3, p. 7421. 
(iii) If R is 5%simple, R contains the field (X E R/D(x) = 0 V D E a}; 
since R is supposed to have characteristic zero, R contains the rational 
numbers, and is a domain by [4, Theorem 1.4, p. 7431. 
(iv) Let I be an ideal of R[X] different from (0) and from (1). 
If In R # (0) there exists D ~9 such that D(I n R) q I n R; then, 
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extending D to a derivation D, of R[X] by setting DI(X) = 0, we clearly 
have D@) c I. If 1 n R = (0), consider the operator d/dX which is a deriva- 
tion of R[X]; let f(X) be a nonzero element of I; then the degree of 
f(X) is equal to a number n >, 1 since I n R = (0); by (iii), R is a 
domain, and by hypothesis, R has characteristic zero; then, we have 
that (d/dX)(“)(f(X)) E R\(O), so that (d/dX)trl) (f(X)) $ I and d/d-Y(I) Q I. 
Thus R[X] is C@‘,-simple. 
In the second lemma we show that the concept of (*)-ideal behaves well 
with respect to polynomial rings. 
LEMMA 2. Let R be a ring, Kits total quotient ring, T a ring between R and 
K. Let P be a prime (*)-ideal (respectively, (*, T)-ideal) of R. Let R[X] be the 
polynomial ring in one variable and Q a prime ideal of R[X] such that 
Q n R = P. Then Q is a (*)-ideal (respectively, (*, T[X])-ideal) of R[X]. 
Proof. Let (DI ,..., D, ; PI ,..., P, = (0)) be a (*)-set of definition (respec- 
tively, (*, T)-set of definition) of P. For i = l,..., Y, let Dj’ be the derivation of 
R[X] defined by Di’ (xj yjXJ) = Cj Di(rj) X3. By Lemma l(i), P does not 
contain any integer different from zero; thus Q does not contain any either. 
Let Qr be the biggest D,‘-ideal of R[X] contained in Q; by Lemma I(ii), Qr 
is aprime ideal; Qr n R is a D,-ideal of R contained in Q n R = P, thus is 
contained in PI by the maximality of PI ; on the other hand, PJX] is a 
D,‘-ideal of R[X] contained in Q, thus contained inQ, by the maximality of Qr ; 
thus PI = Qr n R. By induction on i, let QzI be the biggest D,‘-ideal of R[X] 
contained inQ,-, ; as was done for PI , we get that Pi = Qi n R for i = I,..., r. 
If Q, = (0), we are through: Q is a (*)-ideal (respectively, a (*, T[X])-ideal) 
of R[X] and {Dl’,..., D,‘; QI ,...,Q,. = (0)) is a (*)-set of definition (respec- 
tively, a (*, T[X])-set of definition) of Q. If Qr # (0), as we have done in 
Lemma 1, we consider the operator d/dX which is a derivation of R[X], 
regular on T[X] and we let f (X) be a nonzero element of Q,. ; then the degree 
off(X) is equal to a number n > 1 for Q, n R = (0); by Lemma 1 (i), R is a 
domain, and by hypothesis R has characteristic zero; then, we have that 
(d/dX)cn)(f(X)) E R\{O:, so that (d/dX)‘“)(f(X)) $Q,. and (0) is the biggest 
(d/dX)-ideal of R[X] contained in Q,. ; thus we get that, in this case also, Q 
is a (*)-ideal (respectively, (*, T[X])-ideal) of R[X], and that {D1’,..., Di, 
d/dX; QI ,..., Q,. , Qr+r = (0)) is a (*)-set of definition (respectively, (*, 
T[X])-set of definition) of Q. 
The third lemma is rather technical, and will be the cornerstone of the 
proof of Theorem A. 
LEMMA 3. Let R be a ring. Let P # (0) be a prime (*)-ideal of R and 
(DI ,..., D, ; PI ,..., P, = (0)) a (*)-set of definition of P. Let Z!, x . . . x i2, be 
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thegroup with Zi = Z for every i and with the lexicographic order: (zl ,..., z,.) < 
(4 >..*> tr) if there exists i such that z, < ti and zj = tj for all j > i. DeJne 
v: R\(O) +zl x *.. x z, 
by v(x) = (n, ,..., n,), where n, ,..., n, are the integers such that 
D’T)(x) E prel for O<i<nr-l and (n ’ Dj r (4 $9-1, 
and 
@I' o Din?) o . . . o D$.‘(x) E P for 0 :< i ,< n, - 1 
and 
Dh’ o D(Q) o 1.. 1 2 0 D?‘(x) 6 P. 
Then, v is a valuation of rank Y. The valuation ring of v contains R, and its 
chain of prime ideals m 3 m, 3 ... 3 m, = (0) lies over the chain 
PI PII) ...3P, = (0) 
of prime ideals of R. 
Proof. We already know by Lemma 1 that R is a domain. We shall prove 
by induction on r that if 5 and 7 are two elements of R\(O) with v(E) = 
(n1 >...a n,) and v(y) = (m, ,..., m,), then the following properties are satisfied. 
Dh,+m,) o Dh,tm,' o . . . o Dh+%' 
1 
= o1 +‘t. Din,’ 0 . . . 
(57) 
o &h(() . D$d o . . . 0 Dp”(& 
64.1) 
with (y. E P and t a nonzero integer. 
vu(&) = v(S) + v(7)* (A.3 
v(t + 17) 3 inWE), 47% (A.3) 
The latter two conditions express the fact that v is a valuation. 
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Ifr=l:Wehave 
then, take 
and 
t = c:+m ; 
1 1 
we have 01 E P for, with i # n1 , we have i < n, or n, + ml - i < ml , 
thus D?‘(t) E P or D(nl+ml-2)(q) E P. Thus property (A.l) is satisfied. That 
properties (A.2) and (A.3) are also satisfied has been done in [4, Theorem 3.1, 
p. 7471. 
IfY > 1: Consider the nonzero prime ideal PI . It is clear that PI is a 
(*)-ideal of R and that {Da ,..., D, ; Pz ,..., P, = (0)) is a (*)-set of definition 
of PI . Then, we can define the map 
w:R\{O}dZ, x ... x E, 
in the same way that ZI was. Having 6, v, 57 E R\(O) with ~(5) = (nr ,..., n,.). 
fJ(77) = (m, ,..., 1127) and v(h) = (ql ,..., qT), it is clear that we have w(t) = 
(n, ,..., a,), ~(4 = (m2 ,---, m,) and 461) = (q2 ,..., qr). By the hypothesis of 
induction, properties (A.l), (A.2), and (A.3) are satisfied for 6, 7 and the 
function w. Property (A.2) gives us that w(h) =w(t) + W(T), i.e., (q2 ,,.., qr) = 
(n2 + m2 ,..., n, + m,); property (A.l) gives us that 
@z+m,) o . . . ~ Dh+“‘,) 9. @I) 
= aI + t,.D, (%) o . . . o D'"r' r (5) . D;"Q) o 0.. o Dlr"r'(,), 
with (or E PI and t, an integer; PI is a D,-ideal by definition; thus, for a 
positive integer j, we have 
Epl + t, . i c,( D$' o D$) 0 . . . o Dl""(t) . Dt+) o ... o Dim'+,). 
Z.=O 
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Ifj<n,+m,-l,theni<n,orj--i<mr,then 
Dt’ o Dkz’ o -. . o Df$([) E p or Df-” o @,‘Q’ o * * - o #.“‘J(~) E P, 
so that Dp’ o D:np+“%) o . . . o Dy,+‘%’ (67) E P; this means, by definition, that 
& > n, + m, . On the other hand, if j = n, + m, , we have 
Dhl+m,) o D(%+%) o . . o D(%+mv)((rl) E pl + t, . 
%+ml 
1 2 7 
c Ci 
%+ml 
a=0 
iinl 
where t = t, . Cz;,, is a nonzero integer; the latter expression is not con- 
tained in P since &‘I) o *.. o I)$@([) $ P and Di”1’ o ... o Db”‘r’(y) q! P by 
definition, and t $ P by Lemma l(i). Thus qr = n1 + ml and conditions 
(A. 1) and (A.2) are satisfied. 
Now let us see the property (A.3); suppose that ~(6) = (n, ,..., n,) > 
(ml ,..., m,) = u(q), and that ~(6 + 7) = (sr ,..., s,.). If ~(6) > v(q), let k be 
the integer such that nk > mk and n, = mi for all i > k. We claim that Si = mi 
for all i > k; indeed, if it existed an i,, > k such that Si, # miO and Si = mi 
for all i > i. , then first, we would have si, > miO since 
= 0: o D$,+I’ o . . . o D’“d 
i,+l 
~ ([) + D;; o D;T;+l) o ... o D(;$7)) 
0 
belongs to Pioel if j < mio , i.e., since siO 3 miO ; this would imply that 
hence also 
since Pioel C P$, and since Pi, is a Di,+l -ideal; going step by step, we would 
obtain that 
524 YVES LEQUAIN 
but this is absurd for 
as m, < n, by hypothesis, and 
Dh) o Dh+l) o . . . o Dh’ 
k kc+1 T (7) + Pk-1 * 
Thus, we have si = mi for all i > k; now, we have 
0;’ o DtJ?’ o . . . o @I)( 6 + $ 
belongs to Pkpl if j < mk and 
D(“d o D(sk+l) ,, . . . 
k k+l 0 D’,“l’(E + 7) 
= D;‘%’ o D&k;d o . . . o @r’(E) 
+ D’r”k’ oD(-+l) o . . . o D’“+j) E DF’ o a.1 o D(“‘)(7) + Pkelcf Pk-, , 
h kfl 7 r 
so that sk = m, . Now, supposing by induction that for z < K we have 
s, = m, ,..., sk = m, and 
D’“z’ o . . . o D(sk) o . . . o D’“r’(f + 7) E D’“z’ o . . . 0 Dlln,) 0 . . . 0 Df+)(7)+pz-l , 
z k r z 
then, if z - 1 is > 1, we will have 
since Pzml is a D,-,-ideal; Dyfl 0 DLss) 0 .** 0 Dp’(t + 7) will belong tc 
Pzpz if and only if DC! sl o D;"L'o . . . o D$mv)(q) belongs to Pz-, since Pzpl C P#-,; 
therefore szP1 = m,-, . Thus, if v(6) # v(q), we have obtained that 
v([ + 7) = inf{v(f), W(T)}, and property (A.3) is satisfied. Now, suppose that 
w(.$) = ~(7) = (n, ,..., n,); if v([ + 7) = (nl ,..., n,) also, then property 
(A.3) is satisfied; if ~(4 + 7) = (sl ,..., s,) # (n, ,..., n,), let k be the integer 
such that sk # nk and s, = ni for i > k; then, we have 
D’l” o D(+c+l) o . . . o D’d 
h k+l 7 (E + 7) 
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that belongs to PfiWl if j < nk - 1; thus sk > nk , and therefore sle > nk since 
we have supposed sk # n, ; then, no matter what the si’s are for i < K, we 
have (si ,..., s,) > (n, ,..., n,), and once again property (A.3) is satisfied. 
Thus, v is a map satisfying the conditions of a valuation on the domain R. 
Extending v to the quotient field K of R by v(x/y) = V(X) - v(y), we then 
have a valuation of K, which by construction itself has rank Y and whose 
valuation ring clearly satisfies the properties stated in the lemma. 
We can now prove a theorem that is somewhat more general than 
Theorem A. 
THEOREM B. Let R be a ring with total quotient ring K. Let T be a ring 
between R and K. Let P be a (*, T)-prime ideal of R. Then 
(i) R is a domain. 
(ii) There exists at most one prime ideal of T lying over P. 
(iii) If Q is such a prime ideal of T lying over P, then RIP and T/Q have 
the same quotient jield, of characteristic zero. 
Proof. (i) This was done in Lemma 1. 
(ii) Let {Di , D, ,..., D, ; PI ,..., P, = (0)) be a (*, T)-set of definition 
of P. Suppose that Q is a prime ideal of T lying over P. By Lemma I(i), P does 
not contain any integer different from zero; thus, Q does not contain any 
either. Let Qi be the biggest D,-ideal of T contained in Q; by Lemma l(ii), Qi 
is a prime ideal; Qi n R is a D,-ideal of R contained in Q n R = P, thus is 
contained in PI by the maximality of PI ; on the other hand, P,T is a D,-ideal 
of T contained in Q, thus contained in Qi by the maximality of Qr ; thus 
PI = Qi n R. In the same way, letting Qi be the biggest D,-ideal of T 
contained in Q+r , we have that Qi is a prime ideal of T lying over Pi . Now, 
define the map 
w: T\(O) -+Z, x ..a x i2, 
by w(y) = (m, ,..., m,.), where ml ,..., m, are the integers such that 
D!‘< Y) E Qr-I for 0 < i < m, - 1 and 
for 0 < i < mr-, - 1, 
and 
Dkl’ 0 D?‘( y) 6 Q,.e2 , 
D;’ o D;‘%) v.~D;~“(~)EQ for O<i<m,-- 1, 
48 d43/2-12 
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and 
D’“” o D(‘%) o . . . 
1 2 0 D:'+'< Y> #Q. 
By Lemma 3, w can be extended to a valuation of K; furthermore, since 
Q n R = P and Qi n R = P, for every i = l,..., Y, it is clear that the 
restriction of w to R is equal to the valuation ZI defined as in Lemma 3 with the 
(*)-ideal P of R. Th us, w = v on K, and, by Lemma 3, Q = JY n T, where 
.I%? is the maximal ideal of the valuation ring of v. Thus Q is unique. Note that 
we even have shown that T has a prime ideal lying over P if and only if T is 
contained in the valuation ring associated to the (*, T)-ideal P by the 
Lemma 3. 
(iii) Let Q be a prime ideal of T lying over P. Let F, (respectively, 
K,) denote the quotient field of R/P (respectively, T/Q). Note that P n Z = (0) 
by Lemma 1 (i), so that Fr has characteristic zero. Suppose that Ko is not 
algebraic over Fp and let CT be an element of Ko that is transcendental over 
Fr ; then the polynomial /I(X) = X - n E Ko[X] is not a factor of any 
polynomial of Fp[XJ; then, by [5, Th eorem 2(ii), p. 7071 there exist two 
distinct prime ideals of T[X] lying over the prime ideal P[X] of R[X]; but, 
by Lemma 2, P[X] is a (*, T[X])-ideal of R[X], so that, by the previous part 
of this theorem applied to the triple R[X], T[X], P[X], there can be at most 
one prime ideal of T[X] lying over P[X]; thus Ko is algebraic over Fr , 
Now, suppose that Ko # Fr ; then, there exists a manic irreducible poly- 
nomial a(X) E FJX] which has distinct manic irreducible factors /II(X) and 
p2(X) in K,[X]; then, by [5, Theorem 2(i), p. 7071, this implies that there 
exists a prime ideal 9 of R[X] such that B n R = P, and two distinct 
prime ideals of T[X] lying over P; but again by lemma 2, we know that 9 is 
a (*, T[X]) ideal of R[X], so that, again by the previous part of this theorem 
applied to the triple R[X], T[X], 8, we get a contradiction. Thus Ko = Fp _ 
Now we can prove Theorem A. 
THEOREM A. Let R be a noetherian ring; let R be the integral closure of R; let 
.9 be the module of derivations of R. Suppose that R is .Q-simple; then 
(i) R is a domain containing the rational numbers. 
(ii) The conductior of R in R is (0) OY (1). 
(iii) For every prime ideal P of R, R, is geometrically unibranched. 
(iv) The canonical morphism 
‘p: Spec(R) -+ Spec(R) 
is a homeomorphism. 
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Proof. (i) This has been done in Lemma 1. 
(ii) Since R is noetherian, all the derivations of R are regular on i? 
[7, p. 1681; then the conductor of R in i? is a Q-ideal, and therefore has to be 
equal to (0) or (1). 
(iii) Let P # (0) be a prime ideal of R. Let show that P is a (*)-ideal 
of R. Since R is s-simple, let D, E 9 such that D,(P) p P, and let PI be the 
biggest D,-ideal of R contained in P. By Lemma l(ii), PI is prime, and of 
course PI &P. If PI = (0), we are through; if PI # (0), we choose D, E 9 
such that D,(P,) $ PI ; for the same reasons as above, the biggest Da-ideal 
of R contained in PI is a prime ideal Pz that is strictly contained in PI . 
If Pz = (0), we are through; if Pz # (0), we continue the process; this process 
has to stop since, R being noetherian, the height of P is finite. But now, by 
[7, p. 1681, all the derivations of R being regular on 8, P is a (*, R)-ideal. 
Then, by Theorem B(ii), R has at most one prime ideal lying over P; con- 
sequently, a has exactly one prime ideal P lying over P, and, by Theorem 
B(iii), the quotient fields of R/P and R/P are equal. Thus, R, is geometrically 
unibranched. 
(iv) The canonical morphism CJJ: Spec(R) + Spec(R) is a homeo- 
morphism as a consequence of (iii) [2, Lemma 23.2.2, p. 2171. 
Remark. Let R be a noetherian B-simple ring of dimension I such that 
R # R.l Let R,-, be the polynomial ring R[X, ,..., XJ, 9?+r its module 
of derivations and R,_, = a[X, ,..., X,-r] its integral closure; then of 
course R,-, is a noetherian ring of dimension n, 9+,-simple by Lemma l(iv), 
and not integrally closed. 
By Theorem A we also have that the conductor of R in R is (0) and that for 
every n 3 0, R[X, ,..., X,] is unibranched in E[X, ,..., X,] at every prime 
Q; this gives an interesting example in connection with the works of McAdam 
[5, Theorem B, p. 710; Example, p. 711; 6, Theorem 4, p. 6361. 
Remark. Let R be a one-dimensional quasi-local g-simple ring; Must 
the integral closure R of R be equal to the complete integral closure R’ of R ? 
If the answer is yes, we would obtain by [3, p. 1681 that all the derivations of 
R are regular on 8, which is not the case in general when R is not g-simple 
[3, p. 1721. If the answer is no and R is such a ring, then it would be easy to 
see that R’ is not a field, so that by Theorem B, R’ would have only one 
prime ideal P’, prime ideal such that RI/P’ = R/P. Then, with the termino- 
logy of [5], we would have that R c+ R’ satisfies the property of going down 
and R[X] c+ R’[X] the property of unibranchness [5, Theorem 3, p. 7081; 
however, since R # R’, R[X] c+ R’[X] could not satisfy the property of 
1 Such an object was constructed in [4, Example 2.2, p. 7461. 
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going down [3]. This would give a counterexample to a conjecture of Dawson 
and Dobbs [I, Remark 3.5 p. 1801. 
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